SOME COMPLETELY MONOTONIC FUNCTIONS INVOLVING THE 

g-GAMMA FUNCTION 



PENG GAO 

Abstract. We present some completely monotonic functions involving the g-gamma function that 
are inspired by their analogues involving the gamma function. 
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^ . 1. Introduction 

' The g-gamma function is defined for a complex number z and q 7^ 1 by 



U 



where the product (a; g)oo is defined by 



(a;<?)oo = 



aq n ) 



n=0 



In what follows we restrict our attention to positive real numbers x. We note here |17j the limit 
£> ' of T q (x) as q — > 1~ gives back the well-known Euler's gamma function: 

m : 

lim r,(s) = = / fe-* — . 



It's then easy to see using (jl.lj) that lim^i r 9 (a?) = For historical remarks on gamma and 

g-gamma functions, we refer the reader to [17], [2] and [3]. 

There exists an extensive and rich literature on inequalities for the gamma and g-gamma functions 
of positive real numbers. For the recent developments in this area, we refer the reader to the articles 
|14j . [2] -[4], |20j and the references therein. Many of these inequalities follow from the monotonicity 
^ ■ properties of functions which are closely related to V (resp. T q ) and its logarithmic derivative ip 
(resp. ipq) as ip' and ip' q are completely monotonic functions on (0, +00) (see [15] . [4]). Here we 
recall that a function f (x) is said to be completely monotonic on (a, 6) if it has derivatives of all 
orders and (— l) k f( k \x) >0,xG (a,b),k > 0. We further note that Lemma 2.1 of [7] asserts that 
f(x) = e" 11 ^ is completely monotonic on an interval if h! is. Following [13] . we call such functions 
f(x) logarithmically completely monotonic. 

We note here that \im q ^i ijjq{x) = ip(x) (see [18]). hence in what follows we also write T\(x) for 
T(x) and ip\{x) for ip q {x). Thus we may also regard the gamma function as a g-gamma function 
with q = 1 and in this manner, many completely monotonic functions involving T q (x) and ip q {x) 
are inspired by their analogues involving T{x) and ip(x). It is our goal in this paper to present 
some completely monotonic functions involving T q ,ip q that are motivated by this point of view. In 
the remaining part of this introduction, we briefly mention the motivations for our results in the 
paper. 
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In [16], Kershaw proved the q = 1 case of the following result for < s < l,x > 0: 
(1.2) 



3 (l_ s) ^ (x+s l/2) ^(x + 1) , (l-8W,(x+(,+l)/2) 



T q (x + s) 

A result of Ismail and Muldoon [14j establishes the second inequality in (11. 2h for < q < 1. In [J], 
Bustoz and Ismail showed that when q = 1, the function (0 < s < 1) 

iy^-M) ( i- S )^( g+ ( S+ i)/2) 

r,(x + i) 

is completely monotonic on (0, +oo). In [12J, it is shown that the result of Bustoz and Ismail also 
holds for any q > 0. 

In [3], Alzer asked to determine the best possible values of a(q,s) and b(q,s) such that the 
following inequalities hold for all x > 0, < q ^ 1, < s < 1: 

fl 3) e (l-s)V„(a!+o(g,s)) < r g( X+ 1 ) < e (l-s)4> q (x+b(q,s)) 

v ' 7 r 9 (x + s) 

We shall determine the best possible values of a(q, s) and b(q, s) in Section [3l Another result 
given in Section [3] is motivated by the following result of Alzer and Batir [5] , who showed that the 
function (x > 0, c > 0) 

G c (x) = lnT(x) — xlnx + x — — ln(2-7r) + -^{x + c) 

is completely monotonic if and only if c > 1/3 and —G c {x) is completely monotonic if and only if 
c = 0. We shall present a g-analogue in Section [3] for G' c (x). 

Muldoon [19j studied the monotonicity property of the function 

K{x) = x a T{x){e/xf. 

He showed that h a {x) is logarithmically completely monotonic on (0, +oo) for a < 1/2. We point 
out here that as was shown in [6l Theorem 3.3], 1/2 is the largest possible number to make the 
assertion hold for h a {x). In |12^ Proposition 4.1], it is shown that if one defines for a > 0, 

(1.4) f a (x) = -lnT(x) + (x - ^)lnx - x + T^'O^ + "), 

then f' a {x) is completely monotonic on (0, +oo) if a > 1/2 and —f' a {x) is completely monotonic 
on (0, +oo) if a = 0. As was pointed out in [12], this implies a result of Alzer [lj Theorem 1]. In 
Section [3l we shall establish a q- analogue of the above result. 

It's shown in the proof of Theorem 2.2 in [8] that for x > and < q < 1, 

The q = 1 analogue of inequality (|1.5jl is ip'(x+l) < 1/x, which reminds us the following asymptotic 
expansion [U (1.5)] for the derivatives of ip(x): 

(1-6) (-irV W W = + ^ + (JL) , n > 1, x -+ +oo. 



We note that Lemma 2.2 of [TT] asserts that for fixed n > l,a > 0, the function f a ,n( x ) = 
x n ( — l) n+1 ijj( n \x + a) is increasing on [0, +oo) if and only if a > 1/2. It follows from this and 
(jl.6p that we have ip'{x + 1/2) < 1/x and this suggests that inequality fjl .5|) would still hold if one 
replaces ip' q (x + 1) with ip' q (x + 1/2). We shall show this is indeed the case in Section[3j 
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2. Lemmas 

The following lemma gathers a few results on T q and ip q . Equality (12. lj) below is given in [3j 
(2.7)] and the rest can be easily derived from (jl.ip and (|2.ip . 

Lemma 2.1. For < g < 1, x > 0, 

(2.1) ^( X ) = _i n (i_ 9 ) + i n9 ^^_ > 

n=l ^ 

l-<f 



(2.2) mr g (x + l) = hxT q (x)+\n- 

(2-3) ^( X + 1) = ^( X )_11^, 

M <(- + 1 ) = <(-)-f^" 



Our next lemma is a result in |21j : 
Lemma 2.2. For positive numbers x ^ y and real number r, we define 



E{r,0;x,y)= l-~ ^— J , r / 0; £(0, 0; x, y) = ^/xy. 



r In x — In y 

Then the function r \— )• i?(r, 0; x, y) is strictly increasing on R. 

Lemma 2.3. Let < q < 1, then for any integer n > 1, 

Inq 1 Inq n 2 (\nqfq n l 2 

2.5 — < U, 

V ' l-q n n 2 12(1 - q n ) 

In q 1 lno n 2 (lnQ) 3 

(2.6 — + / qj t > 0. 

v ; l-q n n 2 12(1 - g n ) 

Proof. On setting lng n = x, it is easy to see that inequality (|2.5[) follows from f(x) < for x < 0, 
where 

f{x) = 6x(l + e x ) + 12(1 - e x ) - xV /2 . 

As f"{x) = 6xe x / 2 (e x / 2 — 1 — x/2 — x 2 /24) and it is easy to see that there is a unique solution 
xo G (— oo, 0) of the equation e x l 2 — 1 — x/2 — x 2 /24 = 0, it follows that f"(x) > for x < xo and 
f"(x) < for xo < x < 0. One then deduces easily via the expression of f'(x) and the observation 
/'(0) = that f(x) > for x < 0. It follows from this and /(0) = that /(x) < for x < 0. 
Similarly, inequality (j2.6[) follows from y(x) > for x < 0, where 

g(x) = 6x(l + e x ) + 12(1 - e x ) - x 3 . 

As g"(x) = 6x(e x — 1) > for x < and g'(0) = 0, we see that g'(x) < for x < and it follows 
from this and #(0) = that g(x) > for x < and this completes the proof. □ 

3. Main Results 

We first determine the best possible value for a(q, s) in (|1.3|) . For this, for any q > 0, t > s > 0, 
we denote I^ q (s,t) as the integral tp q mean of s and t: 

(3.1) I^(s,t) = ip- 1 (j^— n [ 4> q (u)du) . 



t 



Then we have the following result: 
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Theorem 3.1. For every q > 0, x > 0, t > s > ; we have 

1 f* 

Jpq (X + I^ q (s,t)) < j— J 1p q (x + u)du, 

where the constant I^ q (s,t) is best possible. 

Proof. We note that the case q = 1 of the assertion of the theorem is already established in [9j 
Thereom 4]. The general case can be established similarly, on noting that the function 

x h-» 1$ (x + s, x + t) — x 

is increasing by Theorem 4 of |10| . in view that vp' q is completely monotonic on (0, +oo). On 
considering the case x — > + , we see immediately that the constant 1^ (s,t) is best possible and 
this completes the proof. □ 

On setting t = 1 in Theorem \3.1\ we readily deduce the following result concerning the best 
possible value a(q,s) in (|1.3|) : 



Corollary 3.1. Let q > and < s < 1. The first inequality of (jl.3p /io/ds /or aZZ x > lozf/i i/ie 
best possible value a(q, s) = I^ q (s, 1), where 1^ is defined as in (|3.ip . 

Now to determine the best possible value for b(q,s) in (jl.3p . we note that it is easy to see on 
considering the case x — > +oo that the best possible value for b(q, s) is (1 + s)/2 when q > 1. When 
< q < 1, we have the following result: 

Theorem 3.2. Let < q < 1 and < s < 1. Let 

In 



, (s-l)lnq 

lng 

For x > 0, Ze£ 

fq,s,c( x ) = InT^x + 1) - lnTg(x + s) - (1 - s)^ g (x + c), 
where c > 0. T/ien —fq tS ,c( x ) is completely monotonic on (0, +oo) «/ and on/?/ if c > 6(g, s). 
Proof. We have, using (|2.ip . that 

CW*) = ^0* + 1) - ^ + s) - (1 - a)^(x + 6(g, s)) 

g"~ 



n=l 



We want to show q n — q ns — (1 — s)(ln q n ^q nb (i< s ) < 0, which is equivalent to E s ~ 1 (n(s — 1), 0; q, 1) > 
q 6 ( 9 ' s ) -1 , where E is defined as in Lemma 12.21 It also follows from Lemma 12.21 that E s ~ 1 (n(s — 
l),0;g, 1) > E s ^ 1 (s — 1,0; g, 1) = g 6 ^)" 1 . We then deduce that f qsc {x) is completely monotonic 
on (0, +oo) when c > b(q, s). This together with the observation that linx r _ i . +00 fq tS ,c( x ) = implies 
the "if part of the assertion of the theorem. 

To show the "only if part of the assertion of the theorem, we use (j2.2j) and (|2.3p to deduce that 

fq,sA x + 1) - fq,s,c( X ) = ln i + (1 ~ s) In g 



lq,s,c\" -r *-j jq,s,c\"J - ^ j _ +s t V- 1 "7 ^ "i j _ • 

If we set z = q x and consider the Taylor expansion of the above expression at z = 0, then the first 
order term is: 

(g s -g+(l-s) (lng)g c ) *. 

Note that the expression in the parenthesis above is < if c < b(q,s) as it is when c = b(q,s). 
This implies that f q>S) c( x + 1) < fq,s,c( x ) wnen x is large enough and this shows that —fq )S ,c( x ) 
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can't be completely monotonic on (0, +00) when c < b(q, s) and this completes the proof of the 
"only if part of the assertion of the theorem. □ 

Theorem 13. 21 now allows us to determine the best possible value of b(q, s) in (|1.3h when < q < 1 
in the following: 

Corollary 3.2. Let < q < 1 and < s < 1. The inequality 

(3 2 ) T q (x+1) e (l- s )TP q {x+b(q,s)) 

V ' ' T q {x + S) 

holds for all x > with the best possible value b(q, s) given as in the statement of Theorem VS. HA 

Proof. Using the same notions in the proof of Theorem 13.21 we see from the proof of Theorem 13.21 
that /' Jx) > for x > 0, which implies the strict inequality in (13.21) . To show b(q, s) is best 
possible, we note that in the proof of Theorem 13.21 we've shown that fg )SjC (x + 1) — fq )S ,c(x) < 
for x large enough if c < b(q, s). It follows that fq, s ,c(x + k) — f q , s ,c(x) < for any positive integer 
k when x is large enough and c < b(q,s). On letting k — > +00, we see immediately that this 
implies that —f q , s ,c{x) < 0, so that inequality (|3.2p fails to hold with b(q, s) being replaced by any 
c < b(q, s) and this completes the proof. □ 

We note here that Corollary 13.21 refines a result of Ismail and Muldoon in |14| , mentioned in 
the introduction of this paper, where b(q,s) is replaced by (1 + s)/2 in ()3.2|) . One can also check 
directly that b(q, s) < (1 + s)/2, as it follows from E(s — 1,0; q, 1) < E(0, 0; q, 1). Moreover, it is 
easy to see that when q — > 1~, b(q,s) — > (1 + s)/2 and in this case (j3.2|) gives back the second 
inequality in (|1 .2|) for q = 1. 

Our next result is a (/-analogue of the result of Alzer and and Batir [5] mentioned in Section [TJ 

Theorem 3.3. Let < q < 1 be fixed. Let c > 0. Xei a q = (q — 1 — lng)/(ln(7) 2 . TTie function 

\ — q x 

g q>c (x) = ip q (x) - In - - - + a q i/) q (x + c) 

zs completely monotonic on (0, +00) if and only if c = 0. 
Proof. We have, using ()2.ip . that 

%c (x) = in, 5; y—« ( 1 + ^7 + a ^ n W c ) ■ 

n=l 

On setting t = — lnq n , we have i > — lng and the expression in the parenthesis above when c = 
can be rewritten as 



1 — e~* 1 
1 a q t = -(-1 + t + e~* - a 9 t 2 ) := 



It suffices to show < for t > — Inq. For this, note that h q (— Inq) =0 and that 

h' g (t) = 1 - 2a q t - e~\ h"(t) = -2a q + e~*. 



We have 

(lng) 2 ^(-lng) g(lng) 2 

2^ = ^^+lng+l-g, 

and the right-hand side expression above is easily seen to be < for < q < 1. As h q (t) < 
for £ > — lng, we conclude that fag(t) < for t > — Inq. It's also easy to see that h' q (— lng) < 
and we then deduce that h'Jt) < for t > — Inq and this implies h q (t) < for t > — Inq, which 
completes the proof of the "if part of the assertion of the theorem. 
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For the "only if part of the assertion of the theorem, note that we have by (j2.3|) and ()2.4p . 

(lng)<f l-q x+1 (lng) 2 <f +c 
g q , c (x + 1) - g q , c (x) = -Y—r ~ In - _ - - a i ( l _ qX+c y 

If we set z = q x and consider the Taylor expansion of the above expression at z = 0, then the first 
order term is: 

(-hxq + q-1- a q (lnq) 2 q c )z = (h q (-lnq) + a q {\nqf - a q {\nqfq c )t > 0, 

if c > 0. This implies that g q>c (x + 1) > g qjC (x) when x is large enough and this shows that g qtC (x) 
can't be completely monotonic on (0, +oo) when c > and this completes the proof of the "only 
if part of the assertion of the theorem. □ 

Similar to Theorem 13.31 one can prove the following result, whose proof we leave to the reader. 

Theorem 3.4. Let < q < 1 be fixed. Let c > 0. The function 

1 — q x 1 
x (->■ i/) g (x) - In — — h -ip' q (x + c) 

is completely monotonic on (0, +oo) if c = and its negative is completely monotonic on (0, +oo) 
ifc > 1/3. 



Related to the function given in (II. 4j) , we have the following g-analogue: 

Theorem 3.5. Let < q < 1 6e fixed, i/ie functions 

l — q x \ (In q)q x 1 
1 -g / + 2(1 - q x ) + 12 



(3-3) + In ( ) + ^ WL. + -Mx + 1/2) 



(3.4, ,, w _ ln( i^)_«.__L <w 

are completely monotonic on (0,+oo). 

Proof. The function given in (13. 3^ being completely monotonic on (0, +oo) follows from fl2.5[) and 
(12~TD . As by ([21]), we have 

[n {i- q ) 2(l-o-) I2^ l2; + i/2j "^ll-o- + n 2 12(1 -g") 

Similarly, the function given in (|3.4p being completely monotonic on (0, +oo) follows from (|2.6[) 
and (ED. □ 



Our next result is motivated by (|1.5p and (jl.6p : 
Theorem 3.6. Let < q < 1 6e /jxed, i/ie functions 

(3.5) <(*) (ln9)2<?X (ln<?)2 ^ 



(l-g)(l-g*) (l + g)(l-g-) 2 ' 
(\na) 2 a x+1 / 2 

(3-6) -^' + 1/2)+ (l-,)(l-f) 

are completely monotonic on (0,+oo). 

Proof. To show the function given in (|3.5p is completely monotonic on (0, +oo), we note that 



\ 
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Using this and (|2.ip . we can recast (|3.5[) as 

(lnq) 2 q x (\nq) 2 q 2x 



CO r) r -.GO -v. OO 



(l-g)(l-g*) (l + g)(l-g*)< 
nq nx 1 



n=l n=l n=l 



n=2 n=2 

where 



(l-g™)(l-g)(l + 



u n (q) = n(l - g 2 ) - (1 + g)(l - g n ) - (n - 1)(1 - q)(l - q n ) = n(l - g)(g + g") - 2g(l - q n ). 

It suffices to show that u n (q) > for n > 2, < q < 1, or equivalently, 

i _ n n_1 
n(l + g™- 1 )>2— ^- = 2^g J 
1 — a ^— ' 



i=0 



It is easy to see that the function g i — >• 2 ^"Eq 1 * ~~ wg n-1 is an increasing function of < q < 1 
and on considering the value of this function at q = 1, we see that it implies u n (q) > for n > 2, 
< q < 1 and this establishes our assertion on the function given in f)3.5j) . 

To show the function given in (|3.6p is completely monotonic on (0, +oo), we use (|2.ip to get 

<(x + l/2) - = (ln,)»f; (fEl _ El),~ 

It suffices to show that nq n l 2 ~ x l 2 < (1 — g n )/(l — g) = E^Eq 1 °' for < g < 1. This follows by noting 
that 2 Y^Eq 1 g i = E^ToV + g™"^ 1 ) and that g* + g^" 1 > 2g n / 2 ~ 1 / 2 by the arithmetic-geometric 
inequality and this completes the proof. □ 

Corollary 3.3. Let < q < 1 oe ./ixeo!, i/ien /or x > 0, we /iaue 

Qn o^o^ 1 / 2 

The above inequality follows readily from Theorem 13.61 on considering the value of the function 
given in (|3.6p as x — > +oo. As it's easy to see that — (lng)g 1 / 2 < 1 — g when < g < 1, the above 
inequality gives a refinement of inequality (jl.5p . 



References 

[1] H. Alzer, Some gamma function inequalities, Math. Comp., 60 (1993), 337-346. 

[2] H. Alzer, On some inequalities for the gamma and psi functions, Math. Comp., 66 (1997), 373-389. 

[3] H. Alzer, Sharp bounds for the ratio of g-gamma functions, Math. Nachr., 222 (2001), 5-14. 

[4] H. Alzer, Sharp inequalities for the digamma and polygamma functions, Forum Math., 16 (2004), 181-221. 

[5] H. Alzer and N. Batir, Monotonicity properties of the gamma function, Appl. Math. Lett, 20 (2007), 778-781. 

[6] H. Alzer and C. Berg, Some classes of completely monotonic functions. II., Ramanujan J., 11 (2006), 225-248. 

[7] J. Bustoz and M. E. H. Ismail, On gamma function inequalities, Math. Comp., 47 (1986), 659-667. 

[8] N. Elezovic, C. Giordano and J. Pecaric, A geometric mean inequality and some monotonicity results for the 

ij-gamma function, Math. Inequal. Appl., 1 (1998), 253-258. 
[9] N. Elezovic, C. Giordano and J. Pecaric, The best bounds in Gautschi's inequality, Math. Inequal. Appl., 3 

(2000), 239-252. 

[10] N. Elezovic and J. Pecaric, Differential and integral /-means and applications to digamma function, Math. 

Inequal. Appl, 3 (2000), 189-196. 
[11] P. Gao, A note on the volume of sections of Bp, J. Math. Anal. Appl, 326 (2007), 632-640. 
[12] P. Gao, Some monotonicity properties of gamma and g-gamma functions, arXiv:0709.1126 



8 



PENG GAO 



[13] A. Z. Grinshpan and M. E. H. Ismail, Completely monotonic functions involving the gamma and q-gamma 

functions, Proc. Amer. Math. Soc, 134 (2006), 1153-1160. 
[14] M. E. H. Ismail and M. E. Muldoon, Inequalities and monotonicity properties for gamma and g-gamma functions. 

In: Approximation and computation, Internal. Ser. Numer. Math., 119, Birkhauser, Boston, 1994, 309-323. 
[15] H.-H. Kairies and M. E. Muldoon, Some characterizations of g-factorial functions, Aequationes Math., 25 (1982), 

67-76. 

[16] D. Kershaw, Some extensions of W. Gautschi's inequalities for the gamma function, Math. Comp., 41 (1983), 
607-611. 

[17] T. H. Koornwinder, Jacobi functions as limit cases of g-ultraspherical polynomials, J. Math. Anal. Appi, 148 
(1990), 44-54. 

[18] C. Krattenthaler and H. M. Srivastava, Summations for basic hypergeometric series involving a (/-analogue of 

the digamma function, Comput. Math. AppL, 32 (1996), 73-91. 
[19] M. E. Muldoon, Some monotonicity properties and characterizations of the gamma function, Aequationes Math., 

18 (1978), 54-63. 

[20] S.-L. Qiu and M. Vuorinen, Some properties of the gamma and psi functions, with applications, Math. Comp., 
74 (2005), 723-742. 

[21] K. B. Stolarsky, Generalizations of the logarithmic mean, Math. Mag., 48 (1975), 87-92. 

Division of Mathematical Sciences, School of Physical and Mathematical Sciences, Nanyang Tech- 
nological University, 637371 Singapore 
E-mail address: penggao@ntu. edu. sg 



